THE ESSENTIAL SPECTRUM OF THE LAPLACIAN 

NELIA CHARALAMBOUS AND ZHIQIN LU 

Abstract. In this article we prove a generalization of Weyl's criterion for the 
essential spectrum of a self-adjoint operator on a Hilbert space. We then apply 
this criterion to the Laplacian on functions over open manifolds to generalize the 
set of manifolds for which the L 2 essential spectrum is [0, oo). We prove that the 
L 2 essential spectrum is [0, oo) whenever the volume of the manifold does not de- 
cay exponentially and its Ricci curvature in the radial direction is asymptotically 
nonnegative. In fact we prove an even more general result, namely that the L 2 
essential spectrum is [0,oo) whenever the Laplacian of the radial function at in- 
finity is asymptotically nonnegative in the sense of distribution and the volume of 
the manifold does not decay exponentially. We also use our criterion to compute 
the essential spectrum of a complete shrinking Ricci soliton and of manifolds that 
posses an exhaustion function. Finally we add some remarks on the relationship 
between the LP spectrum of the manifold and volume growth. 



1. Introduction 

Let M be a complete noncompact Riemannian manifold of dimension n and denote 
by A the Dirichlet Laplacian. It is well known that —A is a nonnegative definite 
and densely defined self-adjoint operator on L 2 (M). The essential spectrum of the 
Laplacian on functions has been extensively studied. It is known that on hyperbolic 
space a spectral gap appears and was initially conjectured that when a manifold has 
Ricci curvature nonnegative then its essential spectrum is the nonnegative real line 
[0, oo). It was however impossible to prove this conjecture by directly computing the 
L 2 spectrum without any further assumptions on the curvature and geometry of the 
manifold (see for example 01ISlElinilI2llEll2^ ) • The theorem of K. T. Sturm [21J that 
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the essential spectrum of the Laplacian A q on L g (M) is independent of q whenever 
the volume of the manifold grows uniformly subexponentially and its Ricci curvature 
is bounded below, was seminal in generalizing the above results. Using this theorem, 
Wang (and later Lu-Zhou) was able to generalize the conjecture to manifolds with 
Ricci curvature asymptotically nonnegative [22], [20]. This assumption on curvature 
implies that the volume of the manifold grows uniformly subexponentially (cf. [3|[2T] ) . 
The key idea was to compute the L 1 essential spectrum instead, which is in general 
a much simpler task, to prove that the L 1 spectrum is [0, oo). He then used Sturm's 
result to conclude that the L 2 spectrum must also be [0, oo). 

Our goal is to generalize the set of manifolds for which the L 2 spectrum is the 
nonnegative real line. The idea that this can only happen whenever the L q spectra 
are the same, seemed too strong of a condition to impose and, as we will see, is not 
necessary. In this article we will circumvent Sturm's Theorem, and prove instead 
a generalization of Weyl's criterion for the essential spectrum. As a result, we will 
no longer need to assume uniformly subexponential volume growth for the manifold. 
Instead, we will only suppose that Ricci curvature is asymptotically nonnegative in 
the radial direction and in the case that the volume of the manifold is finite, we 
will make the further assumption that its volume does not decay exponentially. Our 
condition on curvature only imposes subexponential volume growth at a point. We 
will prove that on such manifolds the L 2 essential spectrum is [0, oo). 

Our first main application of the generalization of Weyl's criterion will be 

Theorem 1.1. Let M be a complete noncompact Riemannian manifold. Suppose that, 
with respect to a fixed point p, the radial Ricci curvature is asymptotically nonnegative 
(see Lemma \4-2\ ), and if the volume of the manifold is finite we additionally assume 
that its volume does not decay exponentially at p. Then the L 2 spectrum of the Laplace 
operator on functions is [0, oo). 

In fact we will be able to prove a more general, albeit more technical result 

Theorem 1.2. Let M be a complete noncompact Riemannian manifold. Suppose 
that, with respect to a fixed point p, the radial function r(x) = d(x,p) satisfies 

lim Ar < 

in the sense of distribution, and if the volume of the manifold is finite, we additionally 
assume that its volume does not decay exponentially at p. Then the L 2 spectrum of 
the Laplace operator on functions is [0, oo). 
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The above theorems generalize significantly the results of Wang (22] and Lu-Zhou [20] 
since both articles assumed Ricci curvature asymptotical nonnegative and their con- 
ditions implied uniformly subexponential volume growth. 

In § 15.11 we provide two different proofs for Theorems 11.11 and 11.21 based on two 
generealized Weyl's criteria that we develop for the Laplacian on functions (see Corol- 
laries [3T21 . While with the former we use cut-off functions when building our test 
functions, as is the usual practice in the literature, with the latter we only need 
appropriate continuous functions. 

We will also see that in the case of a manifold with a pole, or in a warped prod- 
uct form, the above theorems reduce to simpler assumptions on the manifold (see 
Proposition 15.11 and Remark 15. ip . 

Moreover, we will use the generalization of Weyl's criterion to compute the L 2 
essential spectrum of complete shrinking Ricci solitons with no assumptions on cur- 
vature. In our last application, we will show how it can be used to modify a result of 
Elworthy-Wang [10J on manifolds that posses an exhaustion function. 

We end our article with some remarks on the volume growth of the manifold. We 
demonstrate that the L q independence of the spectrum has only been proved so far 
for the case of uniformly subexponential volume growth. 

Acknowledgement. The authors thank Rafe Mezzeo and Jiaping Wang for their 
interest in and discussions of the essential spectrum problem. They particularly thank 
David Krejciffk for the discussion on the alternative versions of Weyl's Criterion which 
led to the proof of Theorem 12.21 

2. The Weyl Criterion for Quadratic Forms 

Let if be a self-adjoint operator on a Hilbert space "H. The norm and inner product 
in % are respectively denoted by || • || and (•, •). Let a(H),a ess (H) be the spectrum 
and the essential spectrum of H, respectively. The Classical Weyl criterion states 
that 

Theorem 2.1 (Classical Weyl's criterion). A nonnegative real number A belongs to 
o~(H) if, and only if, there exists a sequence {i/j n }neN C D(H) such that 

(1) \/n G N, Un\\ = l, 

(2) (H - \)ip n 0, as n ->■ oo in H. 

Moreover, A belongs to a ess {H) of H if, and only if, in addition to the above properties 

(3) ip n — >■ weakly as n — > oo in %. 
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Remark 2.1. The above theorem is still true if the convergence in (2) is replaced 
by weak convergence, the statement of which can be found (without proof) in [7] and 
later in [19] . This version of the Weyl criterion was applied for the first time to the 
Laplacian on curved Euclidean domains in [19]. The authors are grateful to David 
Krejcifik for informing them of the results which led to the following generalization. 

Theorem 2.2. Let f be a bounded positive continuous function over [0,oo). A non- 
negative real number A belongs to the spectrum o~{H) if, and only if, there exists a 
sequence {^ n }nen C 3)(if) such that 

(1) VneN, |hM = l, 

(2) (f(H)(H - \)ip n , (H - X)i) n ) 0, as n -> oo and 

(3) 0„, (H - A)V> n ) -> 0, as n ->■ oo. 

Moreover, A belongs to a ess (H) of H if, and only if, in addition to the above properties 

(4) V'n ~ * 0, weakly as n — >• oo in %. 

Proof. Since if is a densely denned self-adjoint operator, the spectral measure E 
exists and we can write 



Jo 

Assume that A G o~(H). Then by Weyl's criterion, there exists a sequence {ip n } such 
that 



(1) 




H(ff-A)vgi->o, u, 



n 



1 



as n — y oo. 
We write 




n 



as its spectral decomposition. Then 




n 



2 



Since / is a bounded positive function, we have 




ii 



2 



CMH-XW 



n 



2 
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Now assume that A > and A ^ o~(H). Then there is a A > e > such that 
E(X + e) - E(X - e) = 0. We write 

where 

dE{t)^ ni 

and i)l = ipn-ipn- 
Then 

(f(H)(H-\)i/; n ,(H-\)<il> n ) 

= (f(H)(H - A)V4 (H - + (f(H)(H - A)V& (H - A)^) 

> ciii^r + (f(H)(H - a)^, - \m > Cl ii^n 2 , 

where the positive number c\ is the infimum of the function f{t)(t — A) 2 on [0, A — e]. 
Therefore 

by (2). On the other hand, we similarly get 

If the criteria (2), (3) are satisfied, then, by the two estimates above, we conclude 
that both ipn,ipn go to zero. This contradicts = 1, and the theorem is proved. 
Note that for A = 0, ip\ is automatically zero, and the second half of the proof would 
give the contradiction. 

□ 

Remark 2.2. We note that the above result does not require the construction of the 
approximate eigenfunctions in the computation of the spectrum of the operator. This 
is in contrast to Weyl's criterion. Nevertheless, it provides an alternative way to 
compute the spectrum which will prove to be simpler in certain cases of interest. 

In this article we will apply Theorem 12.21 to the Laplacian on functions. In this 
setting two particular cases of the function / will be of interest . 

Corollary 2.1. A nonnegative real number A belongs to the spectrum cr(H) if, and 
only if, there exists a sequence {f/VijneN C such that 

(1) \/n E N, ||Vn|| = l, 

(2) ((H + l)~Vn, (H - \)ip n ) ->• 0, as n ->■ oo and 
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(3) 0„, (H - X)ip n ) 0, as n -»■ oo. 

Moreover, A belongs to a ess (H) of H if, and only if, in addition to the above properties 

(4) ip n 0, weakly as n — )■ oo m "H. 

Proof. We take /(x) = (x + The corollary follows from the identity 
(# + l)" 1 ^ - A) = 1 - (A + 1)(H + l)" 1 . 

□ 

In a similar spirit, taking /(x) — (x + a) _( ^ iV+1 ^ for a natural number iV and a 
positive number a > 1, we also obtain the following generalization 

Corollary 2.2. ^4 nonnegative real number A belongs to the spectrum o~(H) if, and 
only if, there exists a sequence {i() n } n £fq C swc/i i/iai 

fi;VneN, ||V«|| = 1, 

(2) ((H+a)~ l ip n , (H —X)ip n ) — > as n oo /or two consecutive natural numbers 
i=N, N+l, and 

(3) (ip n , (H - X)ip n ) ^0, as n -»■ oo. 

Moreover, A belongs to a ess (H) of H if, and only if, in addition to the above properties 

(4) ip n — > 0, weakly as n — )■ oo m 

3. An Approximation Theorem 

Let M be a complete noncompact Riemannian manifold. Let p G M be a fixed 
point. Define 

r(x) = d(x,p) 
to be the radial function on M. It is well known that 

(1) r(x) is continuous; 

(2) |Vr(x)| = 1 almost everywhere and r(x) is a Lipschitz function; 

(3) Ar exists on M\{p} in the sense of distribution. 

In general, it is not possible to find smooth approximations of a Lipschitz function 
under the C 1 norm. The following Proposition, which is a more precise version of [20| 
Proposition 1], implies that this can be done up to a function with small L l norm. 
Such kind of result is essential in Riemannian geometry and should be well-known, 
but given that we were not able to find a reference, we include a proof. 
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Proposition 3.1. For any positive continuous decreasing function rj : R + — > M. + such 



there exist C°° functions r(x) and b(x) on M such that 

(a) . \\b\\ L i {M \B P (R)) < viR- 1 ); 

(b) . \\Vr -Vr\\ L i {M \ Bp{R)) <T](R) 
and for any x G M with r(x) > 2 

(c) . \r(x) — r(x)\ < T)(r(x)) and |Vf(x)| < 2; 

(d) . Af(x) < maXy e B x (i) Ar(y) + rj(r(x)) + \b(x)\ in the sense of distribution. 

Proof. Without loss of generality, we assume that r](r) < 1. Let {Ui} be a locally 
finite cover of M and let {ipi} be the partition of unity subordinate to the cover. Let 
Xi = (x], ■ ■ • , xf) be the local coordinates of Ui. Define = r\ Uv 

Let ^(x) be a non- negative smooth function on R™ whose support is within the unit 
ball. Assume that 



Without loss of generality, we assume that each Ui is an open subset of the unit ball 
of M n with coordinates Xi. Then for any e > 0, 



is a smooth function on U and hence on M. Let {a{\ be a sequence of positive 
numbers such that 



By [T3l Lemma 7.1, 7.2], for each i, we can choose < 1 small enough so that 



that 



lim 7](r) = 






(3) 



|Vr ii£i - Vri\\ L i {Ui) < a,. 



We also have 



(4) 



Ar ii£i (x) < max Ar»(y). 



veB s (t) 



Define 



r = 
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Since ^(V^j ' Vr«) = (yV V • Vr = almost everywhere on M, we have 

b = 2 V^i • (Vr ij£i - Vn) 

i 

almost everywhere. Thus (aj follows. Similarly, observing that 
r - r = ^ A(ri )Si ~ n), and |Vr i)£ .| < 2, 

i 

we obtain (b), (c). 

To prove (d), we compute 

Af = ^[(A^-) r ii£i + 2V^Vr i)£i + ^Ar^J, 

i 

and since 

^(A^)r, = J](A^)r = 0, 

i i 

we have 

Af = ^[A^(r ii£i - n) + b + V^ArvJ. 

i 

By (j3J), we obtain ^ and the Proposition is proved. 

□ 

4. Manifolds with Ar Asymptotically Nonpositive 

As we have mentioned in the previous section, the Laplacian of the radial function 
r(x) = d(x,p) exists in the sense of distribution (except at p). That is, for any 
nonnegative smooth function / with compact support in M\{p}, the integral 

/ /Ar 

JM 

is defined. The following simple observation is due to Wang [22] and is crucial in our 
estimates. 

Lemma 4.1. The function Ar is locally integrable away from p. 

Proof. Let W be any compact set of the form B P (R) — B p (r) for R > r > 0. Then 
by the Laplacian comparison theorem, there is a constant C, depending only on the 
dimension, r, R, and the lower bound of the Ricci curvature on B p (R), such that 

Ar < C 
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on W in the sense of distribution. Thus we have 

|Ar| = \C - Ar - C\ < 2C - Ar 

and therefore 

/ |Ar| < 2Cvol(W) - I Ar. 
Jw Jw 
Using Stokes' Theorem, we obtain 

f \Ar\ <2Cvo\(W) - [ |^ < 2CVol (W) + vol (dW), 

JW JdW V n 

and the lemma is proved. 

□ 

In general the Laplacian of the radial function is not locally L 2 , which makes the 
direct computation of the L 2 essential spectrum difficult. 

Take M = S 1 x (—00, 00) for example, letting (8,x) be the coordinates. Then the 
radial function with respect to the point (0, 0) is given by 



r = ^x 2 + (min(#,27r - 6)) 2 . 
A straightforward computation gives 

Ar = (5{g =7r | + a smooth function, 

y x 2 + IT 2 

where 5{g =7T y is the Delta function along the submanifold {6 = 71}. Therefore Ar is 
not locally L 2 (but it is locally L , by Lemma [4. ip . 

In this section, we study manifolds with the following property 



(5) lim Ar < 



r— >oo 



in the sense of distribution, where r(x) is the radial distance of a; to a fixed point p. 
We shall give a precise estimate of the L l norm of Ar in terms of the volume growth 
of the manifold. But before we do that, we first provide an important example where 
the above technical condition holds. 

We note that for a fixed point p G M the cut locus Cut(p) is a set of measure zero 
in M. The manifold can be written as the disjoint union M = Q U Cut(p), where Q 
is star-shaped with respect to p. That is, if x £ ft, then the geodesic line segment 
px C Q. dr = d/dr is well defined on Q. We have the following result 
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Lemma 4.2. Let r(x) be the radial function with respect to p. Suppose that there 
exists a continuous function 5(r) on M + such that 

(i) . lim 5(r) = 

r— >oo 

(ii) . 8{r) > and 

(Hi). Ric(<9r, dr) > — (n — l)5(r) on Q. 
Then (jSJ) is valid in the sense of distribution. 

Proof. On Q, we have the following Bochner formula 

= Vr| 2 = |V 2 rf + Vr ■ V(Ar) + Ric(<9r, dr). 

Since V 2 r(<9r, <9r) = 0, using the Cauchy inequality, we have 

(6) > -^—(Ar) 2 + -^-(Ar) - (n- l)5(r). 

n — 1 or 

Since Q is star-shaped, for any fixed direction d/dr, we obtain (JSJ) by comparing the 
above differential inequality with the Riccati equation. 

On the points where r is not smooth, we may use the trick of Gromov as in Propo- 
sition 1.1 of [IH] to conclude the result in the sense of distribution. □ 

4.1. Volume comparison theorems. Let p be the fixed point of the manifold. 
Denote 

B(r) = B p (r), V(r) = vol (B p (r)) 

the geodesic ball of radius r at p and its volume respectively. 
The following volume comparison theorem is well-known. 

Lemma 4.3. Let r(x) be the radial function defined above. Assume that (jSJ) is valid 
in the sense of distribution. Then the manifold has subexponential volume growth at 
p. In other words, for all e > there exists a positive constant C(e), depending only 
on e and the manifold, such that for all R> 

V(R) < C(e) e eR . 

Proof. Let m(r) be a nonnegative continuous function such that 

lim m(r) = 0, 

1 >OD 

and 

Ar < m(r) 
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in the sense of distribution. It follows that 



/ Ar < / m(r) 

Jb(R)\B(1) Jb(R)\B(1) 



'B(R)\B(1) JB(R)\B(1) 

which, by Stokes' Theorem, implies that 

vol (dB(R)) - vol (dB(l)) < [ m(r). 

JB(R)\B(1) 

Let e > 0. Then we can find an R e such that m(r) < e for r > R £ . Setting 
f(R) = V{R), we obtain 

f'(R) < vol (dB(l)) + / m(r) + e(f(R) - f(R £ )) 

JB(R S )\B(1) 

for any R > R £ . Thus 

(e- sR (f(R) - f(R e )))' < C £ e~z R 

for R> R £ , where C £ is a constant depending on e and the manifold M. Integrating 
from R £ to R, we obtain 

f(R)<f(R £ ) + C £ e- 1 e-^e £R 
for R > R £ . Thus for any R, we have 

V(R) = f(R) < C{sY R 

for 

C(s) = f(R £ ) + C £ e~ 1 e-^. 

□ 

In other words, whenever the Laplacian of the radial function r(x) = d(x,p) is 
asymptotically nonnegative in the sense of distribution, the manifold has subexpo- 
nential volume growth with respect to the point p. In the case of finite volume for 
the manifold M, we will also need an assumption on the decay rate of the volume of 
a ball of radius r. We say that the volume of M decays exponentially at p, if there 
exists an e Q > such that 

vol (M) - V(r) < e~ £ ° r 

for r large. For the purposes of computing the L 2 essential spectrum, we will need 
that the volume does not decay exponentially. 

In the general case, our weak assumption on the decay of Ar does not provide any 
information on the decay rate of the volume. In dimension n — 2 if the manifold 
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satisfies (i), (ii), (Hi) as in Lemma 14.21 then its volume cannot decay exponentially. 
We believe that the same should hold true in higher dimensions, but the problem 
is still open. On a manifold with a pole at p that has finite volume, we can prove 
that the volume does not decay exponentially whenever the radial Ricci curvature 
is asymptotically nonnegative. The following volume comparison result seems to be 
new. 

Proposition 4.1. Suppose that M is a manifold with a pole at a point p that has 
finite volume and satisfies (i) , (ii) , (Hi) as in Lemma Then the volume of M 

cannot decay exponentially. 

Proof. We let r be the radial function and 9 G S n ~ l . Let (r, 9) be the polar coordinate 
system and J(r, 9) be the volume element on the geodesic sphere. 

Since |Vr| = 1, the Hessian, V 2 r, of the function r is the second fundamental form 
on the geodesic sphere of radius r. By definition, Tr(V 2 r) = Ar = H is the mean 
curvature on each geodesic sphere. Furthermore, by the formula for the Laplacian in 
local coordinates, we get 



Ar = (n — 1) 



,v_ 

J' 



where the derivative is taken with respect to r. 
Using inequality <Q, we get 

(7) J"(r,9) <5(r)J(r,9). 



We want to prove that for each e > there exists a C(e) such that 




h(r) = e- £r J'(r, 9) + e e - £r J(r, 9). 



Given the upper bound on J' 



we have 



h'(r) < 



for r > R £ 2. Since the manifold has finite volume, we can easily see that, in almost 
all 9 directions, there exists a sequence Ri — > oo such that J(Ri,9), J'(Ri,9) — > 0. 
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Thus h(r) > for r > R e 2, or J' /J > —e. The latter implies OH]). By continuity, the 
above lower bound for J(r, 9) is valid for any 9. Therefore 

vol (M) - V{r) = / J n ~\R, 9) d9 dR > (C^)) 71 - 1 e - £{n - 1)r . 

Since the e is arbitrary, it follows that the volume of M does not decay exponentially. 

□ 

We remark that if the volume of the manifold grows uniformly subexponentially, 
then its volume cannot decay exponentially at any point. The proof is simple, but we 
include it for the sake of completion. By the definition of uniformly subexponential 
volume growth, for all e > there exists a uniform constant C(e) such that 

vol (B x (r))<C(e) vol (B x (l)) e £r 

for all x G M. For r > 1 we let y G M be a point such that d(x, y) = r — 1. By the 
uniformly subexponential volume growth of the manifold and since B x (l) C B y (r), 
we have 

vol (5,(1)) > (L7( £ ))- 1 vol(^(r))e- > {C{e))-\o\{B x {l))e^ . 
Therefore, 

vol (M) - vol (B x {r - 1)) > vol (B y (l)) > (C7(e))- 1 vol {B x {l))e~* r , 
and the volume of M can not decay exponentially. 

4.2. L 1 estimates for Af. We set f to be the smoothing of r from Proposition 13.11 
The following lemma is a more precise version of [20] Lemma 2] . 

Lemma 4.4. Let r(x) be the radial function to a fixed point p on M, and suppose 
that (jSJ) is valid in the sense of distribution. Then we have the following two cases 

(a) Whenever vol (M) is infinite, for any e > and r\ > large enough, there 
exists a K = K(e, ri) such that for any r2 > K , we have 



(9) / |Af| <eV(r 2 + l); 

JB{r 2 )\B{rx) 

(b) Whenever vol (M) is finite, for any e > there exists a K(e) > such that 
for any r 2 > K , we have 

I |Af | < e (vol (M) - V(r 2 )) + 2vol (dB(r 2 )). 

J M\B{r 2 ) 
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Proof. By Proposition 13.11 and using the idea in the proof of Lemma 14.11 we obtain 

|Af(rr)| < 2( max Ar(y) + n(r(x)) + — Af(x) 

yeB x (i) 

in the sense of distribution. Using our assumptions on Ar and n, we see that for any 
e > we can find an r\ > large enough such that whenever r(x) > r 1; then 

2( max Ar(y) + rj(r(x)) ) < s/2 
yeB x (i) 

also in the sense of distribution. Therefore for r > r\ + 2, 



Using Stokes' Theorem, we get 



Af| < -{V{r) -V(n)) + 2 



M\B(n) 



Af. 



B(r)\B(n) 



• B (r)\B(ri) 



|Af| < - (V(r) - V(n))+2 



\b\ 



M\B( ri ) 



dB{r) 



dr 
dn 



+ 



dB(n) 



dr 



where d/dn is the outward normal direction on the boundary. Obviously, the above 
implies that 



(10) 



B(r)\B(n) 



\Ar\ <-(V(r)-V(r 1 )) + 2 



+ 



\b\ 





dr 


1 

>dB{r) 


dn 



M\B(rx) 

dr 

3B(r x ) d n 



We first consider the case when the volume of M is infinite. By Proposition 13.11 
choosing n large enough we obtain 



H<7 



M\B( n ) 



and 
(11) 



| Vr — Vr|| L i 



(M\B(n)) 



< 1 



Since the volume of M is infinite, then there exists K = K(e,rx) > r\ + 2 such 
that whenever r > K 



(12) 



B(r)\B(n) 



\Ar\ < -l(y( r )-V(r 1 )) + 





dr 


/ 


dn 
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/ 

JdB(r') 



\r' — r 


< 1 and 






dr 
dn 


rr+l 
Jr-l 


JdB(t) 


dr 
dn 



dt. 



By ffTTT) . we have 



/ 

JdB(r') 



dr 
dn 



- 1 



< 2. 



Therefore, 



3£ 



|Af| < — (V(r') - V(n))+2. 

'B(r')\B( ri ) 4 

Choosing a possibly larger K(e,ri) we get (a). 

The proof of (b) is similar. We choose n(r) decreasing to zero so fast so that 



\b\<-(vo\(M)-V( ri )). 

'M\B(n) ° 

Since the volume of M is finite, sending r — > oo in ( fTOl) we have 
/ |Af| <e(vol(M)-y(ri))+ / ^ 

JM\B v {r±) JdB p ( ri ) 



dn 



Since |<9r/<9n| < 2 by (c) of Proposition 13. 1[ the lemma follows. 



□ 



Corollary 4.1. Suppose that (i), (ii), (iii) hold on M as in Lemma \4 ■ T/ien i/je 



same integral estimates for Ar hold as in Lemma 4-4 



5. The L 2 Spectrum. 

5.1. Construction of functions for Weyl's Criterion. In this section, we let f(x) 
be the smoothing function defined in Proposition 13.11 of the radial function r(x) = 
d(x,p). For each i e N, let x^y^ Ri, fa be large positive numbers such that Xi > 
2Ri > 2 fa + 4 and y t > Xi + 2R { . We take the cut-off functions x% '■ K+ ~^ 
smooth with support on [x-i/Ri — l,yi/Ri + 1] and such that %j = 1 on [xi/R,yi/R] 
and \x'i\, \x'i \ bounded. Let A > be a positive number. We let 

(13) U^) = Uf/R l )e^ lV ~ Xf . 
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Setting cj) = fa, R = Ri, x = Xi and x — Xu we compute 

A<j) + \<p = {R- 2 X "{r/R) + 2iy/\R- 1 X '{f/R))e^^ f \Vr\ 2 
- A0(|Vf| 2 - 1) + (R^x'ir/R) + zv / Ax)e v/3TVXf Af. 
Then we have 

(14) |0| <1, |A0 + A0| < - + C\Af\ + C\W- Vr|, 

R 

where C is a constant depending only on A and M. 

Denote the inner product on L 2 (M) by (• , •). We have the following key estimates 

Lemma 5.1. Suppose that (jSj) is valid for the radial function r in the sense of dis- 
tribution. In the case that the volume of M is finite, we make the further assumption 
that its volume does not decay exponentially at p. Then there exist sequences of large 
numbers x^y^ Ri, //j such that the supports of the fa are disjoint and 

\\(A + X)fa\\ Ll 



->■ 



as 1 — » 00. 



Proof. The proof is similar to that of [20]. We define Xi,yi, Ri, \ii inductively. If 
Vi-x, R4-1, fJ'i-i) are defined, then we only need to let \ii large enough so that 
the support of fa is disjoint with the previous 0/s. For simplicity we suppress the i 
in our notation. The upper bound estimates for \ fa and |A0 + A0| given in (|T4"]) imply 
that 



(15) 



! (0,A0+A0) < ( l[V(y + R)-V(x-R)} 

JM K 



+ C \Ar\ + r](x - R). 

' B(y+R)\B(x-R) 



When the volume of M is infinite, we choose a function rj as in Proposition 13.11 such 
that T] < 1. By Lemma 14.41 if we choose R, x large enough but fixed, then for any 
y > large enough we have 

<p, A(p + Xfa) <2eV(y + R+l). 



' M 

Since \\fa\2 > V{y) ~~ ^ / ( a; ) ) if we choose y large enough, WfaH > \V(y). The subex- 
ponential volume growth of M at p that was proved in Lemma T4.3I implies that there 
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exists a sequence of y k — > oo such that V(y k + R + 1) < 2 V{y^). If not, then for a 
fixed number y and for all k e N we have that 

V(y + k(R + l)) >2 k V(y). 

However, by the subexponential volume growth of the manifold 

2 k V(y) < V{y + k(R + 1)) < C{e t ) e £iy e k£l{R+1) 

for any E\ > and k large. This leads to a contradiction when we choose E\ such that 
E\R < log 2. Therefore, there exists a y such that 

V(y + R+l)<2V(y)<AU\\l 

Combing the above inequalities, we have 

/ (0,A0 + A0)<8 £ ||0||2. 

J M 

We now consider the finite volume case. Using equation (jT5|) and Lemma 14.41 we 
obtain for x — R > K(e) 

[ (0, A0 + X(f>) <(R- X + e) [vol (M) - V{x - R)) 

J M 

+ 2Cvo\ (dB(x - R)) + r](x - R). 

We set h(r) = vol (M)—V(r), a decreasing function. We choose rj(r) as in Proposition 
13.11 so that r](r) < |/i(r). Making e even smaller and choosing R and x — R large 
enough, we get 

I {(f),A(j) + X(j))<eh{x-R)-2Ch , {x-R). 

J M 

Given that ||0||| > h(x) — h(y) and the volume of M is finite, we can choose y large 
enough so that 

U\\l>\h{x). 

We would like to prove in this case that there exists a sequence of x^ — > oo such 
that 

e h{x k -R)-2C h'(x k - R) < 2eh(x k ). 
If the above inequality does not hold, then for all x large enough 

e h(x -R)-2C h'(x -R)> 2eh(x). 



18 NELIA CHARALAMBOUS AND ZHIQIN LU 

Replacing e by e/2C, we obtain 

e h(x -R)- h'(x - R) > 2eh(x). 

This implies that 

-(e~ £X h(x - R))' > 2eh{x) e~ £X . 
Integrating from x to x + R and using the monotonicity of h we have 

h(x -R)> 2(1 - e~ eR )h(x + R). 

Choosing R even larger, we can make 2(1 — e~ eR ) > 5/4, therefore 

5 

h(x - R) > -h(x + R) 
for all x large enough. By iterating this inequality, we get for all positive integers k 



Therefore 



h(x-R)>[-) h(x + (2k-l)R). 



vol (M) - V(x - R) > ( - ) [vol (M) - V(x + (2k - 1)R) 



4^ 



which gives 

vol (M) - V(x + (2k - 1)R) < l^J vol (M). 

Sending k — > oo this contradicts the nonexponential decay assumption on the volume. 

□ 

Corollary 14.11 gives 

Corollary 5.1. Suppose that (i), (ii), (Hi) hold on M as in Lemma \4-S\ In the case 
that the volume of M is finite, we make the further assumption that its volume does 
not decay exponentially at p. Then there exist sequences of large numbers Xi, Ri, \ii 
and cut-off functions x% suc -h that the supports of the (pi are disjoint and 

||(A + A)&|| £ i ;Q 

as i — > oo. 
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5.2. A particular case of the generalized Weyl Criterion for the Laplacian. 

In this subsection we will prove a special version of Theorem 12.21 for the Laplacian on 
functions. We begin with the fact that its resolvent is always bounded on L°° . 

Lemma 5.2. We have 

(-A + 1)- 1 

is bounded from L°°(M) to itself. 

The lemma follows from the proof of Lemma 3.1 in [2]. The resolvent is bounded 
on L°° because the heat kernel is bounded on L°°. This is a property that Davies 
proves for any nonnegative self-adjoint operator that satisfies Kato's inequality like the 
Laplacian [5j Theorems 1.3.2,1.3.3]. It is due to the well-known fact that the Laplacian 
on functions is a self-adjoint operator that satisfies Kato's inequality. Together with 
Corollary 12.11 this lemma allows us to obtain an even simpler criterion for the essential 
spectrum of the Laplacian on functions: 

Corollary 5.2. A nonnegative real number A belongs to the spectrum o~(— A), if there 
exists a sequence {^ n }neN of smooth functions such that 

,p ll^n|U°° • IK— A ~ X)lp n \\ L i 

(1) ,. , ,. 9 V 0, as n — »■ oo. 

\Wn\V L 2 

Moreover, A belongs to cr css (— A) of A, if 

(2) For any compact subset K of M , there exists an n such that the support of ipn 
is outside K . 

Proof. Without loss of generality, we may assume that HV'nlU 2 = 1 for all n. By the 
above lemma, we have 

(-A - A)Vy)| < HV'nlU- ■ ||(-A - A)Vnlb 

|((-A + l)~Vn, (-A - A)V„)| < CUVnlU- • ||(-A - A)V„||ii 

for some constant C independent of n. Thus A belongs to a (—A) by Corollary 12.11 
Moreover, if assumption (2) is valid, then A belongs to the essential spectrum. □ 

5.3. The essential spectrum results. We now combine the results of the previous 
sections to prove the main applications of Theorem 12.21 

Proof of Theorem \1.1\ and Theorem \1.2\ Let fa be the sequences of functions in (fT3"|) . 
then by the construction of the functions, (2) of Corollary 15.21 is satisfied. Since 
||0j|U°° = 1; (1) is valid by Lemma [37X1 and Corollary 15. II in the respective cases. This 
completes the proof of the theorems. □ 
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In the case of a manifold with a pole at p the volume decay estimate of Proposition 
14.11 allows us to obtain the following result, which is also new. 

Proposition 5.1. Let M be a complete noncompact Riemannian manifold with a pole 
at a point p. Suppose that, with respect to p, the radial Ricci curvature is asymptot- 
ically nonnegative in the sense of Lemma \4-2\ Then the L 2 spectrum of the Laplace 
operator on functions is [0, oo). 

Remark 5.1. We note that a similar result should hold on warped product mani- 
folds M = KxjM with metric g = dp 2 + J 2 (p,6)g, where (M,g) is a compact 
(n — I) -dimensional submanifold of M and p is the distance function from this sub- 
manifold. Under the same asymptotically nonnegative assumption on Ric(<9p, dp) as 
in Lemma 4-2, we also get that the L 2 spectrum of the Laplace operator on functions 
is [0, oo). 

5.4. The use of continuous test functions. In this subsection we will see that it 
is not necessary to use cut-off functions in our test functions. We will do that by first 
proving yet another version of the generalized Weyl's criterion (Corollary I5.3p . This 
version of Weyl's Criterion sometimes provides a cleaner method for computing the 
essential spectrum. 

Let D be a bounded domain of M with smooth boundary. We use the notation 
C^°(D) to denote the set of smooth functions on the closure D which vanish on the 
boundary dD. Let p : D — > R be the distance function to the boundary dD. 

Definition 5.1. We define Cq(D) to be the set of functions f on D with the properties 

(1) f is continuous, vanishing on dD; 

(2) / is Lipschitz, V/ is essentially bounded, and \Af\ exists in the sense of 
distribution ' 

(3) Ase^O, j {p<£} |/| < \e 2 U dD \ V/| + o(l)), and j {p<e} \Vf\ < e(j dD \Vf\ + 
o(l)). 

Let Cq(M) be the set of continuous functions whose support is a bounded domain 
of M with smooth boundary and 

/ e ^(supp/). 

We have the following 

Corollary 5.3. A nonnegative real number A belongs to the spectrum a (—A), if there 
exists a sequence {^njneN of functions in Cq(M) such that 
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. |hMU»(A,) - (||(-A-A)V«n|Ui(£» n ) + llWnlUiCflJJ,,)) „ 

(v — i|2 — ^ as n ->• oo, 

where D n = supp^ n . Moreover, X belongs to cr ess (— A) of A, if 

(2) For any compact subset K of M, there exists an n such that the support of ip n 
is outside K . 

The above corollary can be proved using the following approximation result 

Proposition 5.2. Let f G Cq(M). Then for any e > 0, there exists a smooth 
function h of M such that 

(a) supp (h) C supp (/); 

(b) ||/_/ l || £l + ||/-/ l || £a < e ; 

(c) ||(-A - \)h\\» < C(||(-A - \)f\\ L , (D) + ||V/|Ui (0D) ), 
where C is a constant independent of f , and D = supp (/). 

Proof. Let x(t) De a cut-off function such that it vanishes in a neighborhood of and 
is 1 for t > 1. Let 5 > be a small number. Consider 

gs(x) = X (^) m. 

It is not difficult to prove (a), (b) in the Proposition when we replace h by gg. To 
prove (c) we compute 

(-A - X)g s = x(-A - X)f - 25- 1 X 'VpVf - (r 2 X " + S^x'Ap)^ 

Since 3D is smooth, p is a smooth function near 3D. Therefore by (3) of Definition l5.ll 
we have 

||(-A - \)g s \W < C(||(-A - A)/|| L1(D) + ||V/|U 1(9D) ) 
for 8 sufficiently small. 

The proof that g$ can be approximated by a smooth function is similar to that of 
Proposition 13.11 We sketch the proof here. 

Let D = UUi be a finite cover of D. Without loss of generality, we assume that 
those C/j's which intersect with 3D are outside the support of g$. Let x ; = (xj, ■ ■ ■ , xf) 
be the local coordinates of Define = gs\ut- 

Let ^(x) be a non-negative smooth function of lR n whose support is within the unit 
ball. Assume that 
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Without loss of generality, we assume that each Ui is an open subset of the unit ball 
of M. n with coordinates Xi. Then for any e > 0, 



9i,e = W t ( — — — ) 9i{y-My\ 

e JW 1 \ J 



is a smooth function on Ui and hence on M. Let {a{\ be a sequence of positive 
numbers such that 

(16) ^2ai{\AiPi(x)\ + 4|VVi(aO| + 1>i(x)) 

i 

is sufficiently small. By [T51 Lemma 7.1, 7.2], for each i, we can choose £j < 1 small 
enough so that 

||V# i)£i - Vgi\\ L i(ui) < <?i- 

We also have 

(18) W^i^W < IIA^IUi. 

Define 

i i 

Since ^(V^i • V«7i) = V^i) • = almost everywhere on D, we have 

6 = 2^V^-(V fol -Vft). 

i 

We compute 

Ah = J^[(A^) <? i)£i + 2Vi/; i Vg it£i + ^A ft)£ J, 

i 

and since 

5^(A^)ft = ^(A^)^ = 0, 

i i 

we have 

Ah = Yy^iig^ -g t ) + 2j2 ■ (V&, £i - V ft ) + ^A&, £ J. 

i i 

By (fT7j) . ffTgj) . we may choose £j to be sufficiently small so that 

||(-A - A)/i|| L i (D) < 2||(-A - X)g 5 \\ L i {D) . 
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□ 

The above new criterion allows us to give a cleaner proof of Theorems 11.11 and 11.21 
We will briefly sketch the proof here. First we start with the following volume com- 
parison result. 

Lemma 5.3. Letr(x) be the radial function to a fixed point p of M and suppose that 
the Laplacian of r satisfies (jSJ) in the sense of distribution. Set 5 > 0. Then for any 
< £ < 1 /S there exists an R Q > such that 

V(r + 25) - V(r) < — ^— [V(r + 5) - V(r)} 
1 — oe 

for any r > R D . 

Proof. We choose R Q such that for r > R Q m(r) < e < 1/5, where m(r) is as in the 
proof of Lemma [4.31 Set t such that r < t < r + 5. Stokes' Theorem implies that 

vol (dB(t + 5)) - vol (dB(t)) = [ Ar 

JB(t+S)\B(t) 

< e [V(t + 5)- V(t)} < e [V(r + 25) - V(r)}. 
Integrating both sides of the inequality from r to r + 5 we get 

V(r + 25) - V(r + 5)- [V(r + 5)- V(r)} < 5e [V(r + 25) - V(r)} 
which implies that 

V(r + 25) - V(r + 5) < \ V (r + 5) - V(r)\. 

1 — 5s 

Adding V{r + 5) — V{r) to both sides of the inequality we get the desired result. 

□ 

Alternative Proof of Theorem \l.l\ and Theorem M.B. Let e > be a small number and 
a, b be two large numbers such that sin(v^Aa + e) = sin(\/A6 + e) = 0. Define <j)(x) to 
be the continuous function that vanishes on {r(x) < yXa + e} U {r(x) > \/Xb + e} 
and is equal to sm(y/\r(x) + e) in between. The choice of e > is to ensure that 
4> G Cq(M), and in particular that property (3) of Definition 15.11 holds. Since for 
almost all e, <fi is in Cq(M), we assume, without loss of generality, that e = for the 
rest of the proof. 

Let D = supp ((f)). Then on D, we have 

(-A - A)0 = -v / Acos(v / Ar)Ar 
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in the sense of distribution. Using Lemma 14.11 and our assumption on the Laplacian 
of r, we have 

|| (-A - A)0|| il(D) < evol (D) + Cvo\ (3D) 
for some constant C. Therefore 

|| (-A - A)0|| L i < || (-A - \)<P\\ LHD) + ||V0|| L i ( aD) < evo\ (D) + Cvo\ (3D) 

for a possible larger constant C. 

We would like to show that for a large enough there exists a constant C Q on the 
manifold, such that 



C {V{b - tt/A) - V{a + vr/A)) < 



L 2 



for some b big enough. Observing that the period of sin(-\/Ar) is 2ir/\, we let N be 
the number such that b = a + Nn/X. Since | sin?/| > 1/2 for y G [kir + 7r/6, /c7r + 57r/6] 
for any k € N, it follows that 

Applying Lemma [5731 to the right-hand-side of the above inequality with 5 = and 

s = 5/2 we get 



/ sin 

JB(b)\B(a) ,._„ 



■I N ~ 1 ■ n 



for all a > R (X). It is easy to see that the right-hand-side is bounded below by 

^ (l + ^ ) _ y(o + 5 ^ )] >^ (6 _^ ) _V( a + i)], 

therefore the claim is true. 

As in the proof of Lemma 15.11 our assumptions on the manifold imply that we can 
choose a and b appropriately such that evol (D) + Cvo\ (3D) < Ce(V(b— ir/\) — V(a + 
7r/A)) for some C independent of e. Furthermore, the support of our test functions 
will be disjoint. Both theorems follow by the lower bound estimate on ||0||l 2 - D 
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6. Further Applications of the Generalized Weyl's Criterion 

6.1. Complete Shrinking Ricci Solitons. A noncompact complete Riemannian 
manifold M with metric g is called a gradient shrinking Ricci soliton if there exists a 
smooth function / such that the Ricci tensor of the metric g is given by 

Rij + V,V ; ./' = pgij 

for some positive constant p > 0. By rescaling the metric we may rewrite the soliton 
equation as 

Rij + ViVjf = -gij. 

The scalar curvature R of a gradient shrinking Ricci soliton is nonnegative, and 
the volume growth of such manifolds (with respect to the Riemannian metric) is 
Euclidean. Hamilton [2] proved that the scalar curvature of a gradient shrinking 
Ricci soliton satisfies the equations 

Vj-R = 2 Rij Vjf, 

R+\Vf\ 2 -f = C 
for some constant C Q . We may add a constant to / so that 

R+\Vf\ 2 -f = 0. 

In [20], the authors proved that 

(1) the L 1 essential spectrum of the Laplacian contains [0, oo); 

(2) the L 2 essential spectrum of the Laplacian is [0, oo), if the scalar curvature 
has sub-quadratic growth. 

Using our new Weyl Criterion, we removed the curvature condition: 

Theorem 6.1. The L 2 essential spectrum of a complete shrinking Ricci solution is 
[0,oo). 

Proof. It can be shown that f(x) > and the key idea is to use p(x) = 2yJ f(x) as 
an approximate distance function on the manifold, because of the special properties 
that it satisfies. 
We define 

D(r) = {x G M : p(x) < r} 

and set V(r) = vol (D(r)). For some positive number y sufficiently large we consider 
the cut-off function x '■ ^ + ~~ * ^> smooth with support in [0, y + 2] and such that 



2(> 
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X — 1 on [1, y + 1] and \x'\, \x"\ ^ C- For an y A > and large enough constants b, I 
we let 

which has support on [b + l,b + l(y + 1)]. Lu and Zhou [201 P a g e 3289] demonstrate 
that for sufficiently large I and b 

[ \A0 + \(f)\<eV(b+(y + 2)l). 
Jm 

At the same time 

M 2 L2 >V(b + (y + l)l)-V(b + l) 

(note that the same holds true for the L 1 norm of 0). Arguing as is [20, Theorem 6] 
we conclude that there exists a y large enough such that 

[ |A0 + A0|<4e||0||i 2 . 

As in the previous section, we may also choose appropriate sequences of b i: U such that 
the supports of the ipi are disjoint and condition (2) of Corollary 15. 21 holds. Condition 
(1) is verified by the estimate above and the fact that ||0j||_L°° = 1. □ 

6.2. Exhaustion functions on complete manifolds. From what we have seen 
so far, it is apparent that two things are important when computing the essential 
spectrum of the Laplacian: 

(1) The control of the L 1 norm of Ar; 

(2) The control of the volume growth and decay of geodesic balls. 

The same idea can be used for manifolds whose essential spectrum is not the half 
real line. 

In the spirit of the results above, we are also able to modify a theorem of Elwor- 
thy and Wang [10]. We now consider manifolds on which there exists a continuous 
exhaustion function 7 e C(M) such that 

(a) 7 is unbounded above and is C 2 smooth in the domain {7 > R} for some R > 
and 

(b) vol ({m < 7 < n}) < 00 for some m and any n > m where the volume is 
measured with respect to the Riemannian metric. 

For t > and c G R we define B t = {7(2) < t} and set dv c = e~ n dv. For t > s, 
let U c (s,t) = vol c (B t \B S ) where vol c is the volume with respect to the measure dv c . 
We begin by stating the result of Elworthy and Wang for the sake of comparison. 



(19) 

s— > 
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Theorem 6.2 ( [THl Theorem 1.1]). Suppose that there exists a function 7 G C(M) 
that satisfies (a) and (b) and a constant c G M such that 

lim Tim" U c (s, t)- 1 [ [(A 7 - c) 2 + (| V 7 | 2 - l) 2 ] cfc c = 

5 ^oo t^oo JB t \B s 

and 

(20) lim m&x{U c (m , t), U c (t, oo) -1 } e" £ * = for any e > 0. 

t— >oo 

T/ien cr(— A) D [c 2 /4, 00). VF/ien the above hold for c = 0, then er(— A) = [0, 00). 

Note that condition (|2"U|) implies that when c = the volume of the manifold grows 
and decays subexponentially, as was the case for us in the previous sections. The 
assumption here is that the weighted volume grows and decays subexponentially. 

Our result is as follows: 

Theorem 6.3. Suppose that there exists a function 7 G C(M) that satisfies (a) and 
(b) and a constant c G M such that 

(21) lim Tim U c (s, fp 1 / (|A 7 - c| + | | V7I 2 - 1|) dv c = 

s— >oo t— >oo J Bt\B 

and 

(22) lim max{[/ c (m , t), U c (t, oo)" 1 } e" e< = for any e > 0. 

t— >oo 

If ([2TJ and ([22]) /or c = 0, ^en cx(-A) = [0, 00). 

In i/ie case they hold for c 7^ 0, we make the additional assumptions that the heat 
kernel of the Laplacian satisfies the pointwise bound 

(23) Pt (x, y) < Cr™ e-'*^-^^^ 

for some positive constants m, C\, C2, fli, 02: fis,, and that the Ricci curvature of the 
manifold is bounded below Ric(M) > — {n — 1)K for a nonnegative number K . Then 
cr(— A) D [c 2 /4, 00). 

In the case c = 0, the main difference between our result and Theorem 1.1 of [10J 
is that we only need to control the L 1 norms of |A 7 — c| and ||V 7 | 2 — 1| as in (T2"T|) . 
instead of their L 2 norms (compare to f[T^]) ). Our assumption is weaker in various 
cases, for example when 7 is the radial function where we know that its Laplacian 
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is not locally L? integrable when the manifold has a cut-locus, but it is locally L 1 
integrable. 

In the case c 7^ 0, the additional assumption ( 1231) is similar to requiring a uniform 
Gaussian bound for the heat kernel, but now with respect to the 7 function as well. 
Such a bound is certainly true in the case of hyperbolic space with 7 the radial 
function. 

The proof uses similar estimates to those of Elworthy and Wang for the measures 
of annuli along the exhaustion function 7. We provide an outline of the argument 
with the necessary modifications. 

Proof. Set A > c 2 /4 be a fixed number. For any t > s we let x '■ ^ + ~^ be a 
smooth cut-off function with support on [s — l,t + 1] and such that x = 1 on 
and \x"\ bounded. Let A c = a/ A — c 2 /4 and define for s > 

f( s ) = e ^- c / 2 K 

Consider the test function 

<f>s,t(%) = X(l(x)) f(l(x)). 

We compute 

A0 s , t + A0 s>i = ( X "f + 2 x 'f + xf )|V 7 | 2 + ( X 'f + X/OA7 + Ax/- 
Using the fact that /" + cf + Xf = we obtain 

A0 Sjt + A0 M = (x7 + 2x7') I V 7 | 2 + (X7) A 7 + Xf (A 7 - c\ V 7 | 2 ) + A x/(l - I V 7 | 2 )- 
Therefore there exists a constant C such that 

(24) |A0 Sii + A0 S)t | < Ce- C ^ [(|A 7 - c\ + \ |V 7 | 2 - 11)^(^,^-0 + Kt(x')} ■ 
For the rest of the estimates, we will repeatedly use 

(25) lim {U c {s - 1, s) + U c {t, t + 1))/U c (s, t) = 0, 

s,t— >oo 

which follows from ( 1221) . 
Using ($3$, we have 

(26) \(<Ps,t,^<Ps,t + X<Ps,t)\<C ! (|A 7 -c| + ||V7| 2 -l|)cfo c 

+C([/ c (s-l,s) + C/ c (t,t + l)). 
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We observe that 



rrk-jS [ (|A 7 -C| + ||V 7 | 2 -1|)^ C 



1 U c (s,t) 1 



(|A 7 -c| + ||V 7 | 2 -l|)ob c , 



U c ( S -l,t+l) jB t+1 \B s -! 

which tends to zero as s,t — > oo by (1251) and assumption (|2~Tj) . Since ||0 Sj t||^ 2 > 
U c (s,t), inequality (12B|) . the above estimate and (|2"5|) imply that 

(27) lim \((f> s>t ,A(f> s>t + X<p S;t )\/\\<j> Sit f L2 =0. 

s,t— >oo 

When c = 0, we choose appropriate sequences of s n , t n — > oo such that condition (2) 
of Corollary 15.21 holds. Condition (1) of the Corollary follows from (|27|) and the fact 
that the functions Sn ,t„ are bounded. Therefore, A = VA belongs to the essential 
L 2 spectrum. Given that A is any nonnegative number, the result follows. 

In the case c 7^ 0, we will apply Corollary 12.21 For a fixed natural number i > m 
and a > we have that the integral kernel of (—A + a)~ l , g l a {x, y), is given by 

POO 

g l a (x,y)=C(n) / p t (x, y) f~ l e~ at dt. 
Jo 

On the other hand, it is a property of the exponential function that for any /3 4 , /3 5 G R 

(7p) — Ka)) 2 a \ l \ mi n »8j 

e 4Clt < e -£4|7(z)-7(2/)l e Ci /8|t 

and 

Combining the above, we have that for any N > m and (3^, fls > there exists an 
a > large enough, and a constant C such that 

(x, y) < C e~^ 4 l^( x )~T(f)l~' 35d ( a: ^) 
for i — N, N + 1. As a result, for any t > s > 2 

/ g i a (x,y)e- c/2jiy) dy < C [ e -ftM*)-7(w)l-/9 B d(*,v) e -c/2m(y) dy 

JBt+iXBs-! JB t+x \B s -i 

< C e" c/27(a;) 
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after choosing /3 4 = |c|/2 and /3 5 > \[~K. This estimate together with (125|) also give 

|((-A + «)-> M ,A0 Sit + A0 s , t )| <C ! _ (|A 7 -c| + ||V 7 | 2 -l|)^ c 

+ C(U c (s-l,s) + U c (t,t + l)). 

As a result, 

(28) lim |((-A + a)~V s , i ,A^ + A^)|/||0 M ||i2 =0. 

s,t— >oo 

Choosing appropriate sequences of s n ,t n ->• oo and setting -0 n = Sn ,t n /||0 s „,t n ||l 2 , 
conditions (%) and (4) of Corollary 12.21 hold for the functions ip n . That (2) and 
also hold follows from fT2T|) and (T2"gl) respectively. 

□ 

7. Some Remarks on the Theorem of Sturm 

We end our article with some final remarks on the relation of the spectrum of the 
Laplacian to the volume growth of the manifold. 

Definition 7.1. The volume of a manifold M grows uniformly subexponentially, if 
and only if for any e > there exists a finite constant C (e) such that, for all r > 
and x G M 

(29) vol (B x (r)) < C(e) vol (B x (l)) e er . 

Sturm proves the following Proposition 

Proposition 7.1 (Sturm, [21, Proposition 1]). If M has uniformly subexponential 
volume growth, then for every e > 

(30) sup / e- £d{x ' y) [Yo\(B x (l))}- 1 / 2 ■{Yo\{B y (l))]- l l 2 dy < oo. 

x£M J M 

Sturm's goal was to find sufficient conditions on a manifold such that the spectrum 
of the Laplacian on L q is independent of q £ [1, oo]. He proves that such sufficient 
conditions are that Ricci curvature is bounded below and that (I3"U1) holds for all 
e > 0. We will prove in fact that on a manifold with Ricci curvature bounded below, 
fl3"P|) holds for all e > if and only if the volume of the manifold grows uniformly 
subexponetially. In other words, Sturm's L q independence result has only been proved 
for manifolds whose volume grows uniformly subexponetially. 
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Proposition 7.2. Let M be a complete noncompact Riemannian manifold whose 
Ricci curvature has a lower bound. Then the following four conditions are equivalent 

(a) The volume of M grows uniformly subexponentially . 

(b) For every e > 0, 

sup / e - £d ^' y) [vol (B^l))] -1 -dy <oo. 

xeM J M 

(c) For every e > 0, 

sup I e- £d(x ' y) [vo\ (^(l))]" 1 ■ dy < oo. 
xeM Jm 

(d) For every e > 0, 

sup / e- £ ^[vol( J B :c (l))]- 1 / 2 -[vol( J B,(l))]- 1 / 2 ^<oo. 

xeM J M 

Proof. We first observed that, if (a) is valid, then from ( 129]) . we have 

vol (B y (l)) < C{e)e £(dix ' y)+1) vol(B x (l)) 

for any x,y e M. Since e > is arbitrary, (6), (c), (d) are equivalent if (a) is valid. 
Now we assume (a), then we have 

„ oo 

/ e-'^dy < Ve^ vol (B x (i + l)\B x (i)) 
Jm i=0 

oo 

< J2^ £i C(e/2)e^ i+ %ol(B x (l)) < Cv6L(B m (l)), 

i=0 

where C is a constant depending only on e. This proves that (a) implies (b), (c), (d). 

We will now prove that (6), (c), (d) are in fact equivalent whenever the Ricci curva- 
ture is bounded below. We begin by assuming that (d) is valid. Then for fixed points 
i,z6 M, we have 

e-^>y)[ Y0 \{B y {l))\- l l 2 dy < C[vol (5,(1))] 1/2 . 

B.(l) 



1 That (a) implies (<i) was pointed out in [211 page 444]. We include the proof for the sake of 
completeness. 
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Since d(y,z) < 1, we have B y (l) C B z {2). Therefore from the above inequality, we 
have 

vol (5 Z (2))- 1 / 2 • f e- £dix ' y) dy < C[vol (^(l))] 1 / 2 , 
Jb z (i) 

and hence 

vol {B z {2))-^ 2 ■ e -(^.*)+i) vol (5 2 (1)) < C[vol (5,(1))] 1/2 . 

Since the Ricci curvature has a lower bound, by the volume comparison theorem, 
we have 

vol (B z (2))<CVol (5,(1)) 

for a constant C depending only on the dimension and the lower bound of the Ricci 
curvature. Combining the above inequalities, we obtain 

vol (B z (l)) < Ce 2£d ^vo\ (5,(1)) 

for any x, z. Similarly, if either (5) or (c) is valid, then the above inequality is true. 
Thus (6), (c), (d) are equivalent under the condition that the Ricci curvature has a 
lower bound. 

Finally, we prove that (b) implies (a). This follows from 

vol (B x (r)) < e er [ e - £d(x ' y) dy < C(e)e £r vo\ (B x (l)). 

J M 

□ 

The L q spectrum of the Laplacian is known however to depend on q on certain 
manifolds with exponential volume growth. Davies, Simon and Taylor prove such 
dependence in the case of the hyperbolic space and certain Kleinian groups |6J. We 
state their result in the former case for simplicity: 

Theorem 7.1 (|6J). Consider the Laplacian A on functions over the hyperbolic space 
H +1 . Then for q G [1, oo) the L q essential spectrum of A is exactly the set of points 
to the right of the parabola 

N N 
Q p = {-(— + is)(— + is-N) \ seR}. 
q q 

For q = oo, the L°° spectrum is defined such that it coincides with the L 1 spectrum. 

The important observation here, is that the L q spectrum varies among the non-dual 
q. Based on this, we make the following conjecture. 
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Conjecture 1. Let M be a complete noncompact Riemannian manifold with Ricci 
curvature bounded below. Then the L q spectra are the same if and only if the volume 
of the manifold grows uniformly subexponentially. 

The only if part is Sturm's Theorem. We believe that the if part is related to the 
wave kernel, and we shall investigate this in a forthcoming paper. 
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